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Abst rac t - -Cons ider  the first-order delay difference quation 
m 
As. + ~ P~ (n) x._k, = 0, 
i= l  
n = 0,1,2, . . . ,  
in the case where liminfn--.c~Pi(n) = Pi >_ O, kl > 0, i -- 1,2, . . . .  A necessary and sufficient 
condition for the oscillation of all solutions of the above equation is established in the critical state 
that the corresponding "limiting" equation 
rft 
AXn  -{- ~p iXn_k l  = O, 
{=1 
n = 0, 1,2, . . . ,  
admits a nonoscillatory solution. It is to be pointed out, that there is no result in this critical state 
for a delay difference quation with more than one delay argument. (~) 2000 Elsevier Science Ltd. 
All rights reserved. 
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1. INTRODUCTION 
We cons ider  the  f i rst -order delay dif ference quat ion  w i th  a lmost  constant  coeff ic ients 
m 
AXn q- ~ Pi (n) xn-k, = 0, n = 0, 1 ,2 , . . . ,  (1) 
i--1 
where  the  forward di f ference A is def ined as usual,  i.e., Axn = xn+l - xn and A 2 = A(Axn) ,  
{Pi(n)}~= 1 is a real sequence w i th  Pi(n) >_ O, for all large n, ki > 0, is integer,  i = 1 ,2 , . . . ,  m,  
and 
l im P~ (n) - -p i  >_ 0, i = 1 ,2 , . . . ,m.  (2) 
n-=-~ OO 
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Then the corresponding "limiting" equation is 
m 
Axn + Zpixn_k~ = 0, 
i=1  
with characteristic equation 
n = o,  1,2,..., (3) 
m 
F(A) = A-  1 + Zp/A  -k' = 0. (4) 
i=1  
It is well known (for example, see [1]) that all solutions of equation (1) oscillate if and only if (4) 
has no positive roots. However, the following critical situation is also possible: all solutions of 
equation (1) oscillate in spite of the fact that the corresponding limiting equation (3) admits 
nonoscillatory solutions. 
DEFINITION. We say that equation (1) under condition (2) is in a critical state if 
3A0:F (A0)=0 and F (A)#0,  VA#A0. (5) 
Our aim in this paper is to investigate equation (1) with almost constant and more general co- 
efficients in this critical state. First, we establish the equivalence of the oscillation of equation (1) 
and the second-order difference quation without delay 
)~O k ' - I  (Pi (n) - Pi) 
A2yn-1 + 2 i~ Yn = 0, n = 0, 1, 2 , . . . .  (6) 
ki (ki + 1) p/Ao k'- I  
i=1  
Next, we obtain some "sharp" conditions for oscillations and nonoscillations of equation (1). To 
the best of our knowledge there is no result in this critical case for a difference quation with 
more than one delay. Oscillatory properties of equations with one delay 
Axn + P(n) xn_k = 0, n = 0,1 ,2 , . . . ,  (7) 
where P(n) is a sequence with P(n) >_ 0, k > 0 is an integer, have been investigated by Li [2], 
Zhang and Tian [3], Zhou and Wang [4]. Other oscillation results for this equation can be found 
in [1,2,5-9] and the references cited therein. 
By a solution of equation (1) we mean a sequence {x,~} that is defined for n _> -k*, where k* = 
max/>l{k/}, and which satisfies (1) for n _> 0. A solution {xn} of (1) is said to be oscillatory if 
the terms xn of the sequence {xn} are neither eventually all positive nor eventually all negative. 
Otherwise, the solution is called nonoscillatory. 
LEMMA 1. 
2. LEMMAS 
(See [1,8].) Assume that P~(n) >_ O, i = 1, 2,. . . ,  m. Then the difference inequality 
m 
Ax,  + y~ P, (n) x,,_~ _< o, n = o, 1, 2 , . . . ,  (8) 
i=1  
has an eventually positive solution if and only if the difference quation 
m 
Ax,, + ~ P, (,~) x,_k = 0, n = 0, 1, 2 , . . . ,  (9) 
i=1  
has an eventually positive solution. 
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LEMMA 2. 
inequMity 
(See [10].) Assume that {Q(n)} is a real sequence with Q(n) > O. Then the difference 
A2yn_l + Q (n) Yn < 0, n = 0, 1 ,2 , . . . ,  (10) 
has an eventually positive solution if and only if the difference quation 
A2yn_l + Q (n) yn = O, n = O, 1 ,2 , . . . ,  (11) 
has an eventually positive solution. 
LEMMA 3. (See [10].) Assume that 
oo 1 
lim_infn E Q (i) > ~. (12) 
i=n+l  
Then every solution of (11) oscillates. 
LEMMA 4. Assume that 
oo 1 
n E Q (i) <_ ~, for all large n. 
i=n+l  
Then (11) has an nonoscillatory solution. 
PROOF. Using (13), we can find n~ > 0 and B E (0, 1/2] such that 
(13) 
E Q(i) <_ B(1 -B_________), 
n 
i=n+l  
for n _> nl. 
Denote rn = B/n; then for n > hi, 
B 2 B (1 - B) 
rn = - -+  - -  
n n 
f ~ B 2 B (i n B) = -~ds  + -- 
B2 
--~ + ~ Q(i) 
i=n+l  i=n+l  
2 
= r, + Z 
i=n+l  i=n+l  
Hence, 
and so 
Set 
i.e., 
2> 2 rn _ Wn+l, 
2 2 AW n "q- Wn+ 1 + Q (n) <_ Awn + r n + Q (n) = O. 
Yn 
n 
I I  (i + w,+,), 
i :n l  + 1 
Ayn-1 
- -  = Wn+ 1. 
Yn-1 
(14) 
(15) 
(16) 
Then Yn > 0 and Ayn > 0, for n > nl. 
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By (14) and (16), we obtain 
A2y~_: + Q (n) y~ = y~ [ A(Ayn-l~\ Yn-1 ] - -Ayn- lA (yn l -~- l )q -Q(n) ]  
] < Y" ~ \ y--SS-1: + \ y--ffSS-~: + Q (~) 
= Yn (AWn + W 2 .+: + Q (~)) _< 0. 
Therefore, in view of Lemma 2, (11) has an eventually positive solution. The proof is complete. 
LEMMA 5. Assume that {a~(n)} is a real sequence with ai(n) > 0 (~ 0) for a11 large n. Let {Vn} 
be an eventually positive solution of the equation 
A Vn-  piA 0 Vj Vn--kl = O, 
-- j=n-kl i=1  
~-"" k A -k~-I  where 2.,i=1 iPi o = 1. 
Let 
Then, eventually 
m n- -1  
u. =, . -~p,~o~, - '  ~ v,. 
i=1  j=n-kl 
(17) 
(18) 
i=l j=n-ki 
We consider the following two possible cases. 
CASE 1. {Vn} is unbounded, i.e., limsUPn._.,~Vn = C~. Thus, there exists a subsequence 
oo {0,1,2, . . .  {nt}l=: C } such that nt > n2+k,  nt ~ cx~ as l ---* cx~, where k = max{k:, k2,.. ,  kin}, 
and v m = SUPn2<_n<n,{Vn }. In view of (20), we find that 
m n-1  
Vn, <~ -d'q- Zp i )~o ki-1 ~ vj <~ -d  q'-Un, 
i=1  j=n-ki 
which is a contradiction. 
* OO CASE 2. {Vn} is bounded, i.e., limsuPn_.,,ooVn = b < ~.  Choose a subsequence {nt}l= 1 C 
{0,1 ,2 , . . .}  such that n~ ~ oo and vn r ~ b as I ~ ~.  Let vr, = max{vs I n~ - k < s < 
n~ - 1}, 1 = 1,2 , . . . .  Then rt --* c¢~ as I --* c~ and limsupt_~oo vr , < b. Thus, by (20) we get 
Vn~ <_ -d  + vr,. 
Taking the limit superior as l --~ ~,  we obtain 
b <_ -d  + lim sup v~ <_ -d  + b, 
which is also a contradiction. The proof is complete. 
Aun < 0 and Un > 0. (19) 
PROOF. From (17) and (18), we have 
m 
Au~ = - y:~ a~ (~) v~_~, < 0, (~ 0), ~ > n:,  
i=: 
which implies that Un is nonincreasing. Hence, if (19) does not hold, then eventually Un < O, and 
so there exists n2 ~ n: and d > 0 such that Un _< -d ,  for n >_ n2, that is, 
rn  n -1  
v~ _< -d + ~p,~o ~,-1 ~ v,. (20) 
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3. MAIN  RESULTS 
THEOREM 1. Assume that (2) and (5) hold. Further, assume that Pi(n) >_ Pi for ali large n, i = 
1, 2 , . . . ,  m. Then every solution ol r equation (1) is oscillatory if and o121)" if every solution of 
equation (6) is oscillatory. 
PROOF. From (5), we get 
F (A0) = 0 and F '  (A0) = 0, 
i.e., 
m m 
A0 - 1 + Zp iAo  k' = 0 and Z kipi)~Oki-1 _.-': 1. (21) 
i=1 i=1 
=2 m Let k = max{k1, k2, . . . ,  kin} and a (~]i=1 ki(ki + 1)PiAok'-l) -1. 
SUFFICIENCY. If not, let {x,} be an eventually positive solution of equation (1). Then there 
exist a nl > no such that x ,  > 0, for n > nl and 
a i (n )=Aok ' - l (P i (n ) -p i )>O,  i - - -1,2, . . . ,m, for n >_ nl. 
Let 
vn = AonX,, for n _> nl. 
Then vn > 0, for n > nt. By (1) and (21), we have 
(22) 
m n--1 / m 
-k i -1  A Vn--)-~pi)~ 0 Z vj +~ai (n )  vn_ki =0,  
i=l j=n-k i  i=l 
for n > nl + k. (23) 
Set 
m n-1 
x--- ~-k~-I  K-" 
Un =Vn- -  ~p i  0 ~ Vj, 
i=l j=n-k l  
From Lemma 5 and equations (23) and (24), we have 
for n > nl + k. (24) 
Aun<O and un >0,  fo rn_>nl+k.  (25) 
Set M = (1/2) min{vn [ nl < n < nl + k}. Then 
v~ > M, for n > nl. (26) 
In fact, if (26) does not hold, let n* = inf{n > nl +k  [ Vn ~_ M}. Then vn > M, for nl < n < n*, 
and vn. <_ M. Thus, by (21), (24), and (25), we find 
m r~* - -1  
M > Vn. = Un* -]- 2_~ Pi o vj > M. 
i=1 j=n* -k l  
This is a contradiction. Hence, (26) holds. 
Let 
lim un- - l>_0 .  
n ---4OO 
We consider the following two possible cases. 
CASE 1. l = 0. There exists a n2 > nl +k  such that un < M(2(k+l )a )  -1, for n > n2. Therefore, 
for any n I > n2, 
nq-k 
Vn > a Z ul, for n E {n' ,n '  + 1 , . . . ,n '  + k + 1}. 
l=n ~ 
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CASE 2. I > 0. Since un is nonincreasing, it follows that u,  _> l, for n _> n2. From (21), (24), 
and (26), we get 
m n- -1  
vn>l+Z piAok'-I Z v j> l+M,  
i~-1 j=n-k i  
for n > n2. 
By induction, we have 
v,>_ml+M, fo rn>n2+(m-1)k ,  k= l ,2 , . . . .  
Hence, we obtain 
and so, there exists a n* > n2 such that 
n+k 
V n > Ot ~_~ Ul, 
l----n* 
lira vn = oo, 
n-'*O~ 
N*+k 
v~. < a ~ ul. 
l=N 
Thus, from (21), (24), and (25), we have 
N*+k m N*- I  
Z: Z: 
Iron i=1 j=N ' -k i  
m N*- I  j+k 
iffil j----N*-k~ l----N 
From the above two cases, we find that there exists a N >_ n2 such that 
and 
n+k 
lfN 
In the following, we will prove that 
n+k 
~n > Ot ~ Ul , 
lfN 
• - , .+k  ~ Then If not, let N* = inf{n > N + k + 1 I v .  <_ a2. ,lffiN ut;. 
n+k 
Vn > O~ Z Ul , 
lfN 
for n 6 {N,N+ 1,...,N* - 1}, 
=UN. +aZP~Ao k'-* ki j~fN uJ-  (j + k~- N* -k )u j  
i=1 j=N*+k-k l  
N*+k m N*+k 
Z Z 
I=N i~l  j=N*+k-k~ 
N*+k 
I=N 
(j + k i -  N* - k) 
fo rn6  {N,N + I , . . . ,N + k + I}. 
for n _> N. (27) 
for n 6 {n*,n* + 1, . . . ,n*  + k + 1}. 
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This is a contradiction. Hence, (27) holds. From (27), we get 
n-k~Tk 
Vn-k,  > Ce E Ul ~_ OZ Ul, for n >_ N + k. (28) 
l=N l=N 
Let Yn = o~ ~tn=N Ut. Then Ayn_l = aun, A 2yn_l = o~Aun. From (23), (24), and (28), we obtain 
m 
A2yn_l+aE)~ok'- l(Pi(n)-pi)yn <_O, forn> N+k.  (29) 
i=1  
By Lemma 2, (29) implies that equation (6) has an eventually positive solution, which is a 
contradiction. 
NECESSITY. If not, let {Yn} be an eventually positive solution of (6). Then there exists N1 _> no 
such that 
a i (n )>O,  yn>O,  Ayn-1 >0,  and A2y,~_l <0,  forn>_N1.  (30) 
Let u~ = Ayn_l ,  for n >_ N1. Then un > O, Aun < O, for n _> N1 and 
n 
Yn = E ul + YN~, for n > N1. (31) 
l=N1 
Let 
l=N1 
Then for n _> N1 + k, from (21), (30), and (32), we have 
m n- -1  
E - - -k i -1  Pi~o ~ wj 
for n k N1. (32) 
i= l  j=n-k l  
= a 2.., pi o ut q- YN1 
i=l j=n-k l  l 
m n-1 j 
- -k i -1  
= Ce ~ piA 0 E E Ul + C~yN, 
i=1  j=n-k i  I=N1 
m j 
)~-k i -1  = a 2_., Pi 0 j uz - ( j+  1) A Ul q-CeyN, 
i=1  I=N1 _ j=n-k l  l 
m n-1 m [ n n-1  
=v~EkiP, Aok ' - lE  u j+c~EP,  Ao k'-I [(n-k~) E u j -  E ( j+ l )u j+ 
i=1  I=N1 i=1  j=n-k i+ l  j=n-k l  
\j-..~N1 i-~l j=n-k~q-1 
k'-I E ( j -n+k,)  
\ j=N1 i=1  j=n-k i+ l  
= W n -- U n, 
+ ~YN1 
i.e., 
m r/,--1 
- - -k~- i  
wn > un + ~...,pi,~ o E wj, 
i=1  j=n-k l  
for n _> NI + k. (33) 
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moo Define a sequence {v n }m=o by 
0 v n = Wn, n ~_ g l .  
m n-1 
+ Z k ' - I  v2  -1 ,  
i=l j=n-k l  m 
V n -~ vm 
u.  + Nl+k - uN,+k -- , 
WNI+k -- ?2Nl+k 
By induction, it is easy to see that 
rn< m- l~ for n > N1, Un < V n V n Wn, _ 
m Hence, limm-+oo v n = vn exists for any n > N1 and 
un < vn <_ wn, for n _> N1. 
Letting m -+ c~, we obtain 
m n--1 
Vn = Un + ZP i~o k ' - I  Z Vj, 
i----1 j=n-k i  
From (31), (32), and (34), we get 
~)n-kl ~-- Wn-k l  ~ (~Yn, 
Combining (6), (35), and (36), we obtain 
i V n -- ZP i~o k ' - I  Z Vj -~- Z ai(n)vn-k,  <_ O, 
/=1 j=n-k i  i=1 
Let 
Then by (37), we have 
x~ = A-'~v,~, for n >_ N1. 
n >_ N l  + k, 
Nl  ~_n<Nl+k.  
m = 1,2, . . . .  
(34) 
for n _> N1 q- k. (35) 
for n _> N1 + k. (36) 
for n > N1 + k. (37) 
Then every solution of  equation (7) is oscillatory if and only i f  every solution of  the equation 
A2yn_l + 2 (k + 1) k P(n)  yn = O, n = O, 1, 2,. k k+l (k _~ ~-)k+f . . ,  (40) 
is oscillatory. 
By using Theorem 1 and Lemma 3, 4, we obtain "sharp" condition for the oscillation and 
nonoscillation of equation (1). 
k k 
P (n) > (k + 1) k+l' for all large n. (39) 
result for oscillation of equation (7). 
COROLLARY 1. Assume that 
By Lemma 1, 
contradiction. The proof is complete. 
It is easy to see that the characteristic equation 
k k 
A- l+ A -k =0 (k + 1) k+l 
has unique positive root A0 = k / (k  + 1). By using Theorem 1, we obtain the following comparison 
m 
Axn + E Pi(n)Xn-k~ <_ O, for n >_ N1 + k. (38) 
i----1 
(38) implies that equation (1) has an eventually positive solution, which is a 
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THEOREM 2. 
true. 
(a) If 
(b) 
Assume that the conditions of Theorem 1 hold. Then the following statements are 
oo  m 1 m 
l iminfn E E Aok'-l(p~(J) -P i )  > g E k,(k, + 1)PiAo k' - l ,  
j=n+l  i=1  i=1 
then every solution of equation (1) oscillates. 
If for a11 large n 
m 
oo m 1 Z k~(ki + 1)piAo k' - l ,  n E EAok ' - l (p i ( J ) -  p') -~ g 
j=n+l  /=1 i=1 
then equation (1) has a nonoscillatory solution. 
COROLLARY 2. Assume that (39) holds, Then the following statements are true. 
(a) xf oo ( k' ) k,+l 
lim_infn E P(i) (k _~-)k+, > 8(k + 1) k' 
i=n+l  
then every solution of equation (1) oscillates. 
(b) If ( k' )k ,+l  
n E P(i) (k q:T) k+' -< 8(k + 1) k' for all large n, 
i=n+l  
then equation (7) has a nonoscillatory solution. 
REMARK 1. It is well known that there are other oscillation criteria of (11), which are different 
than (12), for example, see [11]. By Theorem 1 we can use these oscillation criteria to obtain 
some new oscillation criterial for equation (1). 
EXAMPLE 1. Consider the delay difference quation of the form 
Axn+ (k+l )  k+l + (n+l )  - - - - -g zn-k=O,  fo rn=0,1 ,2 , . . . ,  (41) 
where c is a positive constant and 6 is a real number. According to Theorem 2, necessary and 
sufficient conditions for the oscillation of all solutions of equation (41) are 
6 < 2 and c > 0, 
or kk+ 1 
6 = 2 and c > 
8(k + 17" 
Note that none of the known results in the literature can be applied to this equation. 
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